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Butterworth Filters 

 

        

 

 

 

 

 

 

 

 

Chebyshev Filters 

 

 

 
 

 

 

 

 

 

 

 

𝛼𝛼𝑃𝑃 = 10log10(1 + 𝜖𝜖2)                   𝜖𝜖2 = 10𝛼𝛼𝑃𝑃/10 − 1                            



Coefficients of normalized Chebyshev denominator poly. 

 

 

 

Chapter 3 

Nyqist sampling rate ≥ 2 Bandwidth of the signal 

 

 

 

 

 

 

 

 

 

 

 

 zero-order Hold Filter 

 apparent frequency 

Sampling Bandpass Signal 

 

 

 

2𝑓𝑓2
𝐾𝐾 + 1

< 𝐹𝐹𝑠𝑠 <
2𝑓𝑓1
𝐾𝐾

 

The spectral Sampling Theorem 

The spectral sampling theorem states that the spectrum 
X(ω) of a signal x(t) time limited to a duration of To seconds 
can be reconstructed from the samples of X(ω) taken at a 
rate R samples/Hz, where R ≥ To (the signal width or 
duration) is in seconds. The frequency resolution fo = 1/ To. 

Analog to Digital Conversion 

∆  = 2 Vref / L  𝐿𝐿 =  2𝐵𝐵   

Quantization error = ∆/2 
𝑥𝑥𝛿𝛿�(𝑡𝑡) = 𝑥𝑥(𝑡𝑡) � 𝛿𝛿(𝑡𝑡 − 𝑛𝑛𝑛𝑛)

𝑛𝑛=∞

𝑛𝑛=−∞

 

𝛿𝛿(𝑡𝑡) =
1
𝑇𝑇

[1 + 2cos(𝜔𝜔𝑠𝑠𝑡𝑡) + 2cos(2𝜔𝜔𝑠𝑠𝑡𝑡) + ⋯ ] 

𝑋𝑋𝛿𝛿�(𝜔𝜔) =
1
𝑇𝑇
� 𝑋𝑋(𝜔𝜔 − 𝑘𝑘𝜔𝜔𝑠𝑠) 
𝑛𝑛=∞

𝑛𝑛=−∞

 

ℎ(𝑡𝑡) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡/𝑇𝑇)           𝑥𝑥�(𝑡𝑡) = � 𝑥𝑥(𝑛𝑛𝑛𝑛)ℎ(𝑡𝑡 − 𝑛𝑛𝑛𝑛)
∞

𝑘𝑘=−∞

 

𝑥𝑥�(𝑡𝑡) = � 𝑥𝑥(𝑛𝑛𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 �
𝑡𝑡 − 𝑛𝑛𝑛𝑛
𝑇𝑇

�
∞

𝑘𝑘=−∞

 



Energy of Quantization error   

Quantization Converter 

Rounding Asymmetric:  

Truncating Asymmetric:  

Rounding Symmetric:  

Truncating Symmetric:  

Two’s Complement 

 

Offset Binary 

 

µ-law Compression 

 

Chapter 4 

 

 

Sampling  

est   esnT  = e(σ+jω)Tn  = e σTn e  jωTn  =  (e σT)n (e  jωT)n  = |z|nejΩn   

apparent frequencies due to aliasing 

 

Cos(Ωn) = cos([Ω+2πk]n) 

 

 

 

Fundamental period No  

cos (Ωn) = cos (2π 𝑓𝑓
𝐹𝐹𝑠𝑠

 n) = cos (2π 𝑚𝑚
𝑁𝑁𝑜𝑜

 n)     

m = number of cycles in one fundamental period No 

 

 

 

 

 

 

 

 



Chapter 5 

𝐸𝐸{𝑥𝑥[𝑛𝑛]} ≡ 𝑥𝑥[𝑛𝑛 + 1]  𝐸𝐸2{𝑥𝑥[𝑛𝑛]} ≡ 𝑥𝑥[𝑛𝑛 + 2] 

𝐸𝐸−1{𝑥𝑥[𝑛𝑛]} ≡ 𝑥𝑥[𝑛𝑛 − 1]  𝐸𝐸−2{𝑥𝑥[𝑛𝑛]} ≡ 𝑥𝑥[𝑛𝑛 − 2] 

Zero Input Response 

 

 

 

 

If two roots are equal then y[n] = c1γn + c2γn 

For complex roots  

 

The unit impulse response h[n] 

 

 

When there are R zero roots then 

 

Convolution 

 

 

 

if x[n] has width Wx (length Lx) and h[n] has width Wh 
(length Lh) then the width of the convolution y[n]= x[n] ∗ 
h[n] is Wy = Wx+Wh (length Ly = Lx+ Lh - 1) 

 

 

 

 

Finding H(z) from the difference equation 

    

 

Finding H(jΩ) from H(z) by replacing z with ejΩ 

 

Total Response can be expressed as  

 

 

System Stability 

1. A causal LTID system is asymptotically stable if 
and only if all the characteristic roots are inside the 
unit circle. The roots may be simple or repeated. 



2. A causal LTID system is marginally stable if and 
only if there are no roots outside the unit circle, and 
there are non-repeated roots on the unit circle.  

3. A causal LTID system is unstable if and only if at 
least one root is outside the unit circle or there are 
repeated roots on the unit circle or both. 

Chapter 6 

DTFT     

      

 

IDFT   𝑥𝑥[𝑛𝑛] = 1
2𝜋𝜋 ∫ 𝑋𝑋(𝛺𝛺)𝑒𝑒𝑗𝑗𝛺𝛺𝑛𝑛𝑑𝑑𝛺𝛺𝜋𝜋

−𝜋𝜋  

 

 

Distortionless Transmission in Bandpass Systems 

  

Group delay 

     

Modulation 

 

Connection between DTFT X(Ω) and CTFT Xc(ω) 

 

 

Connection between downsampled DTFT X↓(Ω) by a 
factor M and CTFT Xc(ω) 

𝑋𝑋↓(𝛺𝛺) =
1
𝑇𝑇𝑇𝑇

� 𝑋𝑋𝑐𝑐 �
𝛺𝛺 − 2𝜋𝜋𝜋𝜋
𝑇𝑇𝑇𝑇

�
∞

𝑘𝑘=−∞

 

Connection between downsampled DTFT X↓(Ω) by a 
factor M and the original DTFT X(Ω) 

 

 

 

Connection between upsampling DTFT X↑(Ω) by a 
factor L and the original DTFT X(Ω) 

 

Connection between upsampling and ideal interpolated 
DTFT Xi(Ω) by a factor L and the original CTFT Xc(ω) 

 

 

Connection between upsampling and interpolated 
DTFT Xi(Ω) by a factor L and the original DTFT X(Ω) 

 

 

 

Fractional Sampling Rate Conversion 

 

𝑋𝑋(𝛺𝛺) = � 𝑥𝑥[𝑛𝑛]𝑒𝑒−𝑗𝑗𝛺𝛺𝑛𝑛
∞

𝑛𝑛=−∞

 

𝑋𝑋(𝛺𝛺) =
1
𝑇𝑇
� 𝑋𝑋𝑐𝑐 �

𝛺𝛺 − 2𝜋𝜋𝜋𝜋
𝑇𝑇

�
∞

𝑘𝑘=−∞

 

𝑋𝑋𝑖𝑖(𝛺𝛺) =
𝐿𝐿
𝑇𝑇
� 𝑋𝑋𝑐𝑐 �

𝐿𝐿[𝛺𝛺 − 2𝜋𝜋𝜋𝜋]
𝑇𝑇

�
∞

𝑘𝑘=−∞

 



• Upsampling by L followed by downsampling 
by M changes the overall sampling rate by a 
fractional amount L/M. 

• The two lowpass filters Hi and Hd, being in 
cascade, can be replaced by a single lowpass 
filter of cutoff frequency π/L or π/M, 
whichever is lower. 

• Preferable to do upsampling prior to 
downsampling to avoid loss of information.  

 

 

Chapter 7 

The z-transform 

𝑋𝑋(𝑧𝑧) = � 𝑥𝑥[𝑛𝑛]𝑧𝑧−𝑛𝑛
∞

𝑛𝑛=−∞

 

The transfer function H(z) 

 

 

 

System Stability 

• A causal LTID system is asymptotically stable if 
and only if all the characteristic roots are inside the 
unit circle. The roots may be simple or repeated. 

• A causal LTID system is marginally stable if and 
only if there are no roots outside the unit circle and 
there are non-repeated roots on the unit circle. 

• A causal LTID system is unstable if and only if at 
least one root is outside the unit circle, there are 
repeated roots on the unit circle, or both. 

System Block 

 

 

 

 

 

 

 

 

 

Frequency Response from Pole-zero locations 

 

 

 

 

 



Chapter 9 

 

 

 

 

 

 

 

 

 

   

 

 

 

 

 

 

𝑋𝑋[𝑘𝑘] = �𝑥𝑥[𝑛𝑛]𝑒𝑒−𝑗𝑗𝛺𝛺0𝑘𝑘𝑘𝑘
𝑁𝑁−1

𝑛𝑛=0

      0 ≤ 𝑘𝑘 ≤ 𝑁𝑁 − 1 𝑥𝑥[𝑛𝑛] =
1
𝑁𝑁
�𝑋𝑋[𝑘𝑘]𝑒𝑒𝑗𝑗𝛺𝛺0𝑘𝑘𝑘𝑘
𝑁𝑁−1

𝑘𝑘=0

    0 ≤ 𝑛𝑛 ≤ 𝑁𝑁 − 1 

𝛺𝛺0 = 𝜔𝜔0𝑇𝑇 = 2𝜋𝜋𝑓𝑓0𝑇𝑇 =
2𝜋𝜋𝑓𝑓0
𝑓𝑓𝑠𝑠

=
2𝜋𝜋
𝑁𝑁

 

𝑓𝑓0 =
1
𝑇𝑇0

 𝑁𝑁 =
𝑇𝑇0
𝑇𝑇

 𝑁𝑁 =
𝑓𝑓𝑠𝑠
𝑓𝑓0

 𝑓𝑓0 =
𝑓𝑓𝑠𝑠
𝑁𝑁

 

Y(k) = X [k] H [k]  



 

 



 

 



 

 



 



 

 


