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The Discrete-Time Fourier Transform (DTFT)

DTFT i1s a mathematical tool to represent an aperiodic discrete-time signal in terms of its
frequency components (analysis equation), so it shows the spectrum of the signal.

00

i 2T
X(Q) = Z x|n]e Jin Remember () = Ff = 2nF

Nn=—oo S

To find the inverse relationship, or inverse DTFT, we change the dummy variable # to m 1n the
above equation and multiply both sides by /27, and then integrate over the interval -t < Q <

T
T

X(Q)elMdQ zn]= lim > (X(kAQ)AF) /A"

xInl = N
ke

Zn

—T1T

Q=—1

This synthesis equation of the DTFT represents a signal x[n] as a continuous sum (integral)
of complex exponentials, each of which is weighted by the signal spectrum X(€2).



Example (DTFT)

Determine the DTFT X(Q) of a discrete-time rectangular pulse with odd length L _,

x[nl=u[n+ (L. — 1)2] —u[n—(L,+ 1)/2].

Sketch x[n] and X(Q2) for L, = 9.

Solution

199060060

z[n]

X(Q) = sin(L,£2/2)

sin(€2/2) s ~il>

(a)




Example (IDTFT)

Determine the IDTFT x[n] of the 2n-periodic rectangular pulse train described over the
fundamental band |Q2| <7 by X(Q) =II( /2B ), where B < m. Sketch X(€2) and x[n] for B = n/4.

Solution
Note: sinc(t) = sn(mt)
t
X(Q) 2[n]
1 0.256}
B . (Bn
r[n| = — sinc
g n | . =10 16
—:271' —% % 2;1- Q n
B (4 B




Magnitude, Phase, and Existence of the DTFT

Magnitude and Phase Spectrum of X(Q)

X(9) = |X(Q)]e? X

X(Q)] = [X(—Q)| and ZX(Q)=—/X(—Q)
Even Odd
magnitude Phase
Existence

The DTFT existif Y |z[n]] < oo

x[n] = 0.8"u[n] gln] =2"uln].



Example (Spectrum and Phase)

Ex1: Determine the magnitude and phase spectra of the causal exponential x[n] = y"u[n].

1

Solution ) —
X(@) =1

For |[v| <1

1
| X ()] = and /X(Q)= —tan™* (

v sin(€2) )
1 — v cos(€)

1T+ 72 = 27cos(Q)




Obtaining the DTFT from CTFT

Synthesis CTFT Synthesis DTFT
o T
1 .
x(t) ==— | X(w)e/?dw x[n] = oy X(Q)e/da
— 00 —TT

If the spectrum of X(w) is bandlimited to | w| < oo naturally or by frequency scaling, then the
DTEFT can be obtained from the CTFT by replacing ¢ by n and @ by Q

Example

For each of the following signals, determine the DTFT from the CTFT.
(a) x[n] = B/m sinc(Bn/n) (b) x[n] =1

(¢) x[n] = /%" (d) x[n] = cos(Qn)

B (Bt) FT
. —SINC|— | <
Read example in textbook n n

1(75)



x[n] X (Q)
1. on—k e~ TkQ Integer k
2. ~"uln] ej‘iiT 7] <1
3. —y"u[-n —1] e;‘i:, 17| > 1
4. A 1—24 i&ﬁz”ﬁ vl <1
5. ny™uln] {?f’% lv| <1
6. |y|"cos(Qon+8)uln]  “le e ) brleos(To 1) v < 1
7. wu[n] —uln — L] —Si;i’;z%)z) e—JMLz—1)/2
8. 2 sine(£) Yok oo H(55)
9. grsinc®(37) Yok oo AZEE)
0. 1 0 §(Q—2rk)
11.  u[n] % + Ty e 0(Q2—27k)
12. edShom 2ry 0 0(Q—Qo—27k)
13.  cos(Qon) T e o 0(Q=Qo—27k) + 6(Q+Qp—27k)
14.  sin(Qgn) 5 Y e 0(2—Qo—27k) — (Q+Qp—27k)
15.  cos(Qon) u[n] E;??;:::;Ei?ﬁll + 5 re o 0(Q2—Q0—27k) + 6(Q+Q0—27k)
16.  sin(Qon) uln] ) e YR (= Q0—27k) — 6(Q+Q0—27k)

el28 2 cos(p ) et 41




Expressing X(€2) over the
fundamental band to simplify
expression by removing the
summation symbol that
indicated periodicity.

X(Q) for - <Q<m

Q]

ny™uln]

7| cos(Qon+0)un]
u[n] —u[n — L]

E sinc(£2)

B Bn)

sinc ( Sar

27
1
un]

Ejﬂgﬂ
cos(Qon)
sin(on)
cos(Qon) uln]

sin(Qon) u[n|

2

1—2v cos(Q)+~2

__qe’?

(e72—~)2

7?7 cos(8) — || cos(£20—0)]
€722 _2|v| cos(£2p) e +|v|?

Sn(L0/2) (L, -1)/2
sin(£2/2)

I(35)

A(zp)

2wH(82)

e +T(Q)
276 (2—Qp)

T [5(2—0) + 6(Q2+2)]
 [5(2— Q) — 5(2+ Q)]

22 _ 72 cos(Qp)
e1? —2 cos(Qo)e? P +1
e?9? sin(g)
ed?82 2 cos((1g)el 41

+ I [5(Q—Q) + 6(Q+Q)]

+ 25 [6(2—90) — 5(2+Q0)]

Integer k&
<1
[ >1
ol <1
<1

7] < 1

D<B<m

D<B<m

‘-Q-D| < T
Q| <7

‘-Q-D| < T
Q| <7

Q| <7




Example (DTFT of finite Duration Signals)

A signal x[n] equals [1, 2,—1,-2,0, 2, 1,—2,—1] for =4 <n <4 and 1s otherwise 0. Sketch the
DTEFT of this signal. 1 2
] X(Q) = Z x[n]e~ /o

n=—oo

Solution

x=[12-1-2021 -2 -1]; n2 = 4; Omega = linspace(-pi,pi,501);

X = @(Omega) polyval (x,exp(lj*Omega)) ./exp(lj*Omega*n2);

subplot (211); plot (Omega, abs (X(Omega))); subplot(212);

plot (Omega, angle (X (Omega) ) ) ;

| X ()] £X ()

10+

S

|
[SIE




6.2
Properties of the DTFT



Properties of the DTFT

Linearity Property
If z[n] <= X() and y[n]<=Y(Q) then ax|n]+ byn] <= aX () + bY (Q)

Complex-Conjugation Property
if x[n] <= X (Q), then 2*[n] «<—= X*(-Q)

Time Scaling Property

No simple rule for time scaling (upsampling or downsampling).

Time-Reversal Property
if z[n| <= X (), then z[-—n] <—= X (—Q)

Example: Derive pair 4, vy, using pair 2, " u(n), and the time-reversal property



Properties of the DTFT

Time-Shifting Property
if 2[n] <= X (Q), then 2[n —m| <= X (Q)e 7™ for integer m

Example: Use the time-shifting property to determine the DTFT of x[n] = - Slnc (n42)

x[n]

0.25—+
oo° °5606° BE!LG o 95!39 e T-1 A
—8 2 12 =

(a)

| X (£2)] ZX(£2)
1 T35
o — 27 %
1 1 V _%
B Bn 0 ' = = ! Q —Z+
2 sine(22) I(35) —2 S 24w 2((:)



Properties of the DTFT

Frequency-Shifting Property
if 2[n] <= X (), then z[n]e?**" «— X(Q — Qo)

Modulation Property

1
z[n]cos(Qon) = 5 X (22— Q) + X(Q+ Q)]

e

Example: A signal x[n] = sinc(n/4) modulates a carrier cos(€2 n). Using the periodic
expression for X(€2) from the Table, find and sketch the spectrum of the modulated signal
x[n] cos(Q n) for (a) Q,=0.57 (b) Q,=0.85m

B 5111&(%) I1(:
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) X(Q)
x[n] = sinc(n/4) | |
2 —r _E 3 T or 9
i (a)
() — 27k
X(Q) =4 I )
(€2) k:z_:oo ( 05 ) 4ﬁX(Q 7/2)
—:71' i3 T —T ™ t T ™ :ﬂ. Q
Q. =0.5n S m ¢ F i
X(Q+7/2)
4__
—|2‘n' —I:rr _%ﬁ 1ﬂ _% T %r % Q:ﬂ. Q
2 (c)
4__0.5[X(Q —w/2) + X(Q + 7/2)]
2__
S S S S SN S S S
oo : : Fundamental
L —7m/2 — 27k Q+7/2 -2k
z[n] cos(mn/2) <= 2 Z II LTI Band
"] (mn/2) 0.5 0.5

c=—0C



X(Q)
Q. =0.85m o ! D
—27 —r L . z s or S
o0 a
() — 27k
X(Q) =4 Z H( e ) X(Q — 0.857)
k=—o00 ' 4+
—:271' _ldr _ 97 6r ot 1ix 2:77 Q
10 10 10 - 10
(b) 10
X (22 4+ 0.857)
4__
—:277 _lix T 9 14 2:71' Q
10 —8.57 10 10 10
o (c)
To avoid aliasing (Q, + B) <1t L [051X(2— 0.85m) + X (2 + 0.85m)
| 2 |
: ! | | |
o _lr g _6x 6r  9m 1lx ~~ddm or &
10 10 10 10 10 10
(d)
00 . . Fundamental
QQ —0.85m — 21k Q4+ 0.8 — 27k Band
x(n| cos(0.85mn) <= 2 E I1 O + 11 A
i-T._]T t'J.}T

fh=—oc



Properties of the DTFT

Frequency-Differentiation Property

1X (€2
if 2[n] <= X (), then nz(n| <= j : lf(l )
(L

Example: In the Table, derive pair 5 using pair 2 and the frequency-differentiation property.
pair 2 pair 5

A Tala
Ejﬁ _ ,}r h‘ <1 n-y L{.[H] > (Gjﬂ — ,.},)2

e




Properties of the DTFT

Time-Domain Convolution Property

rn] <= X(Q2) and yn] <= Y (Q)
x|n] * yln| = Z xmlyln —m| <= X(Q)Y(Q2)

TM=—0C

This property 1s the basis for the frequency-domain analysis of LTID systems.

Frequency-Domain Convolution Properties

[nly[n] <= il X(Q)®Y(Q) = 1 X(\)Y (22— \)dA

7y 27 Jor

Circular (or periodic) convolution



Example |

Letting x[n] = B/n sinc (Bn/xn), find and
sketch the spectrum Y () of the signal

X(Q—N)

Q-B Q+B
(b)
XWX (Q— ) for 0< Q< 2B
1
-B Q-B B Q+B A

y[n] = x?|n] for | i
() 0<B<m/2 (b)n/2<B<m € @
N Y(Q) for0< B< F
Solution /\
B . (Bn () SR e > &
;smc( - ):}H(QB), Q< &
- B Y (Q) for % < B < 7 without folding
X« X(Q)= [ XONX(2=))d\ /\
1 . X B 0 —2m —2B — . U 2B 2
2
re|n — X))« X(Q)) = —Al— Q<
CF[H]¢:¢*2W ( )* ( ) m (4f3) | ‘_' | V() for 5 < B < m with folding
Y(Q2) = E i A {2 — 2k — [ =
v T 4B —r 2B 21 2 —2B T Q
(g)




Properties of the DTFT

Correlation Property 8. Bsinc(Bn) (2
pagylll = ) aln+Uy*[n]
payll] = zl] x y*[=1] = X(Q)Y ()

Finding Signal Energy in the Frequency-Domain

[ ]

paalll = 3 alnle*fl = Y Jaln]? = E.
1 m
Z z[n]|? X(Q)?dQ = 7/ X (Q)]*dQ2  Parseval’s Theorem
27 /
n=—oQ 0

Example: Use Parseval’s theorem to find the energy of x[n] = sinc(Bn/m).



Discrete-Time Fourier Transform Fourier Transform
Synthesis: ' Synthesis:
z[n] = & [, X(Q)e ™ dQ a(t) = 5= [T X(w)e?? dw
o Analysis: Analysis: _
X(@) = Y. alnle™ X(w) = [, a(t)e" dt
Duality: Duality:
if (t) <= X (w), then X(t) <= 2mz(—w)
Linearity: : Linearity:
az[n] + by[n] <= aX(Q) + Y (Q) az(t) + by(t) & aX(w) + bY (w)
Complex Conjugation: Complex Conjugation:
z*[n] <= X*(—0) r*(t) <= X*(—w)
Scaling and Reversal: Scaling and Reversal:
(see Sec. 6.6) z(at) <= ﬁX (£)
z[—n] <= X(-0Q) z(—t) = X(-w)
Shifting: Shifting:
oln — m] <= X (Q)e= ™ - z(t — tg) <= X (w)e 7wt
z[n]edo™ = X(Q — Q) z(t)e’ot <= X (w — wo)
Differentiation: Differentiation:
4 2(t) += jwX (w)
—jnz(n] &= JLX(Q) —jtz(t) <= £ X (w)
Time Integration: Time Integration:
| [f a(r)dr <= Z& 4+ xX(0)5(w)
Convolution: Convolution:
z[n] * y[n] <= X(Q)Y(Q) z(t) * y(t) <= X (w)Y (w)
z[n|y[n] <= £X(Q®Y(Q) o(t)y(t) = =X () * Y(w)
Correlation: Correlation:
peyll] = 2ll] x y*[-1] &= X(QY*(Q) | poy(r) =3(7) v (-7) &= X (@)Y (w)
Parseval’s: Parseval’s:
B =% el = & L 1 X(Q)Pd2 | Ex= [T |z(t)? dt = 57 [2 1X (W)|* dw




6.3
LTID System Analysis by the DTFT



LTID System Analysis

eln]___| kIl | yn] = xln] % hin]

X(Q) H(Q) Y(Q) = X(Q)H ()

1 :
yln] = 5— | X(Q)H(Q)e’™" dO
Ve

The output y[n] 1s a scaled sum of the responses to all the component frequencies of the mput.

_ h(n] ,
e/t = oy [ H(Q,)el o™

If the input is everlasting exponential, x[n] = e/0™, then the output will be the same as the
input multiplied by the system response to the frequency Q,, y[n] = H(Q,)e ™.



Frequency Response from a Difference Equation

K

K K
Z apy|n — ki Z bixln -1 <= Z apY (Q)e Ik = Z b X (Q)e 7
k=0 =0

k=0

K K
(Z a,rgejkﬂ) Y(Q) = (Z b;eﬂﬂ) X(Q)

k=0

Find H(L2) and determine the zero-state response y[7] to input x[n] = cos(3nn/10) of an LTID
system described by the difference equation
yvin] — 1.8y[n— 1]+ 0.81y|n — 2] =x[n] + 2x[n — 1]

Soluti
olution y[n] =3.61 cos(3zn/10 - 2.63)



Example

An LTID system 1s specified by the equation

yln] —0.5y[n — 1] = x[n].
Find H(Q), the frequency response of this system, and determine the zero-state response y|[n]
if the input x[n] = (0.8)"u[n].

Solution
y[n] = |5(0.8)" — 5 (0.5)" | un] 7

o] o

Matlab Code to find Partial Fraction Expansion

r,p,k] = residuez (1,poly([0.8,0.5]))
— 2.6667 -1.6667
— 0.8000 0.5000

[]

~ O B
|



Ideal and Realizable Filters

@) LH(Q)
L Qing
92
—TT —Ql Ql ™ Q

(a) (b)

hin| = £:2-1 Sinc-[s h(n — '”g)}

™

Ideal Lowpass Filter: Noncausal System

5 hin] ﬂ % Hill('(%)

T

(a)

1) 2:1()
+Q1ng
“r - 0, T Q
(b) (©
. n—n
hin] = hln] 11 +g>
2ng
o
H(Q) = z h[n]e /"
n=—0oo

Realizable Lowpass Filter: with delay
and ripple 1n pass band region.



6.4
Connection between the DTFT and
the CTFT



Connection between the DTFT and the CTFT

)Cc(f) | ze(t) X.(0) Xe(w)
/\ - ﬂ\ - CTFT relf o= 2T

. t B B w

Impulse samplin 1 N
p a{“} p g X m] X(wT) — T Z XC(('U _ kws)
il - 2\ ﬁ\
7
LI . ; : B Replace o
T = . 0= ol with Q/T
Point sampling DTFT

r[irz X (Ln

(- DA A4 @72 (5

-m =BT 1 Q
The DTFT of a DT s1gnal x[n equals a scaled peI'IOdlC rephcatlon of the X(Q) ==X, (—)
CTFT of the CT signal x(7) sampled at T. T T




Example

Consider a bandlimited signal x (¢) with spectrum

100
X.(w) = |azr107 ] < 50m
0 otherwise

For 7= 0.01, determine the DTFT X(Q) of x[n] = x.(nT). Discuss what happens if instead 7= 0.1.

Answer

ooy o 1 i o (0 2k
X(Q)={ ! Q] < 0.57 ()_T ¢ T

QZ + 1 k=—o0
0 otherwise



6.5
Digital Processing of Analog Signals

h (1)
x(1) H (o) (1)
X (o) - Y (o)
x[n] = x(nT) hin] = The(nT) yln] =y(nT)

()

| 1 O | . 1 Q)
X(Q)-TXC(T)- Qs HQ) = H(Q/T), [0 <7 Y(@) =ZY. (7> Q<



Digital Processing of Analog Signals

Important conditions for the impulse invariance method: (design of discrete IIR from continuous)
1. The sampling rate 1s above the Nyquist rate, higher than twice the bandwidth of the signal x(7)
2. The system is bandlimited

_ CT system
ze(t) - Ho(w) > y(t)

Time domain Characterization of ideal C/D and D/C Converter

. H (w) | <w./2 o0
He(w) = { ) : xn| = x.(nT) . (t=nl
0 otherwise Yye(t) Z y[n] sinc 7i
. nN=—0oo
2 - Heo (@) N
H(Q) = H(Q/T). Q] < s :
: 5 S z|n DT system y|n iscrete to :
ze(t) : Egncg;:sl;“(;:le #‘- HEFQ) #’ Elontintmfls : = Ye(t)
X(w) Y(€2)

. 1 () |
X(Q) = TX‘(T) QST Y(w) = TY(WT), |wT| <7

Frequency domain Characterization of ideal C/D and D/C Converter



Digital Filter Design from Continuous Filter H_(w)

Frequency-domain criterion for digital filter design:

H(Q) = H(Q/T). |0 <=
Prove .
Y gY(Q/T)
H(Q) = = = H.(Q/T)
X6 Ix.«/m

Time-domain criterion for digital filter design (IIR impulse invariance method):

hin] = The(nT)

1 /T : t>nT 1
he(t) = —/ He(w)e?" dw > he(nT f H(Q)e?™ dQ) = = h[n
21 J _nyr voor )= o Je 7



Example

Using the minimum possible sampling frequency, design a DT system that delays a bandlimited
(B <10 kHz) CT input x (f) by T = 250 us. Sketch the frequency responses H(Q2) and H,(w).
Explain how closely the system compares with an ideal analog delay T = 250 us. Using

a hypothetical bandlimited (B8 < 10 kHz) signal x (¢) and its spectrum X .(®), sketch the signals

and spectra at the input of the C/D converter, the input of H(L2), the output of H(L2), and the
output of the D/C converter.

Answer
YC(t) — xc(t — T)

H.(w) = e /T
H(Q) = H.(Q/T)

H(Q) = e /2T = g=J59 Q| <m



H.(w) = e IWT — oI5 T

H(Q) = H.(Q/T) = e 5%, Q| <7
hn] = 6[n — 5]

. eIl LT | <7
He(w) = { 0 otherwise

-

HC(L.LJ) _ E—jwaLDDD
1
X(Q) = ?Xc(-ﬂ-/T), Q<

Y(Q2) = X(Q)H(Q2) = X(Q2) e —J542

y|n| = z[n — 5

(b)

(©)

(d)

(e)

—104

|H(Q)| ZH(Q)
| - PR —TT ™ Q
| He(w)| ZH(w)
5+
194
71‘04 2
104 oz
Xe(w)
Xc(0)

/

=\

-5

y[n]

X(Q)

:

Y(Q)

_.,.5&&&&\.

ye(t)




6.6
Digital Resampling:
A Frequency-Domain Perspective



Digital Resampling: A Frequency-Domain Perspective

x[n] @ x| [n]
X(€2) X1 (2)

Downsampling

x[n] x4+ [n]
X (@) X )

Upsampling

z[n) — &[n] xq([n]
X(Q) e ;%{m"'._' X4(9)

Decimation
z([n] z4[n] . i [n]
X(Q) X+ () | X;(9)
Interpolation



Down-Sampling

' z[n] | X(2)

1 rﬂ\rrz? A /T

' —-2x - ' B w

.,r'[n: M:2 i)

T —6m —47 =27 MB 2w

M\ — / : N
?T/T\TTTTT /\ y . = /\ g
-1 | 3 o '

x;[n] = x[Mn]

To avoid aliasing MB <t



Downsampling and Decimation

If the spectrum X (£2) of the downsampled signal x[n] does not meet this
condition MB < & then use a filter H, with cutoff frequency Q_ < /M.

z[n) e z[n] zq[n]
X(Q) -l B0 Xa()

X(Q) = X(DH4(Q) Decimation

M—-1 M—-1

) —2mm 1 Q—2mm () —2mm
— X H, for MB<m
~ M Z ( ) M D ( M ) ! ( M )

m=0 m=0

Time representation for Decimation

1 R — ke

haln] = 3 psine(n/M) valn) =37 2 wlkisinc ( Y )

k=—cc



Downsampling and Decimation

The DTFT X(Q) of a signal x[n] 1s shown below. Using M = 3, determine the DTFTs of the
downsampled signal x|[n] and the decimated signal x,[n]. Assume that the decimator uses an

ideal lowpass filter. D
L— 2T
X)) =—3"X
W8 =57 mZ:D ( M )
X(Q) X(Q)
6 6
x[n] &[n] zq[n] o 1 . . 1 .
—»| H X
X () il B0 Xa(9) T T
. . '_}W - Lo ,ﬁ - Q '_’ﬁ — L W Q
Decimation ? 2 ? ? 3 ?
(a) ()
1 Ha @ @
Withno H; '} I

B —T T 37 27 m 27 Q

(b) (d)

-n/3 1 n/3 " /\g/_\g’\ /\(Y\
/M ; | b | . | %
Elu Q —2 —TT



Downsampling and Decimation

A signal x[n] = y"u[n], where |y| < 1, 1s downsampled by factor M = 2. Determine the resulting
downsampled signal x,[n] = x[2n] and its spectrum X (€2).
742 1

. = — = X (2
eJ§t _ v 1 — »}.-E—jﬂ ( )

r[n] = y"uln] <=

z[n] = z[Mn] = z[2n] = ¥v*"u[2n] = v*"uln]
M-1

We can use the table to find the X |(Q2) but let us use X, () = 1 Y X (Q - 9’”?”)

M M
17../0 /Q— 9 -
[x(5) +(255)

21 \\2 \ 2

1
2

- /0 [0
X@)%X@_;)]

B 1 . 1
_ , 2(1 1 ,-}_.E.:—jﬂfﬂ)

Xy(Q) =




Interpolation and Upsampling

z[n] x4 [n] zi[n] | X(9)
X(Q) @ LA X -‘““}| L
Interpolation B 7 2 .
X(0) -
X4+(Q2) = X (LQ) \ /\ /\ /I\ /\ /\ /
I —'i*n —Lx B . '.;ﬁ 3r 9
B/L
oo O — 27k H;(52)
H;(Q) =1L H( : ) L | 2.
i-._ —'.L.*fr -7 | | T _ '.;n _.'iw £
LX(0)
X8

2X(0)

Xi(Q) = X4(Q)H; (Q) /\ m /\




Interpolation and Upsampling

Consider a signal x[n] = y*"u[n], where |y| < 1. el
Using L = 2, determine the spectra of the upsampled L
signal x,[#n] and the 1deally interpolated signal x;[n]. Nw
z[n] x4 [n] T J:i[n] (a)
A2 Hipdid) (%) X+(Q2) = X (LQ)| L=2 1X4(@)]
Interpolation | e
X(Q) = 1/(1 = 2e™7%) P
1 (b)
X4(Q) = X(20) = 7= e ——t e
2 0 A
Xi(Q) = X+ (QH(®) = 5 o () Q| < 7 . . . \

2
() wL



Time-Domain Characterization of Up-Sampling

|7 xt[n] '
ri[n] = x4[n Z z4[mlhi[n —m] XIEE;)] ;1(9) i _";'[2]2)
meTee Interpolation
xq[n]
4 I hi[n]
1
123456
o0
z;[n] = Z z|k|h;iln — kL]
k=—o0
x|n] -

2i[n]

|
=
T
=.
-
]
—
—
|
el
[t~
—

ik




Example

Using the L = 4 linear interpolator in Fig. below and an :
input of x[n] = sin(2zn/7)(u[n]—u[n—7)), 5
determine and sketch the interpolator output x,[7].

2i[n] = 2: x[k]hi[n — kL] hﬁﬂ::ﬂ(g)
(b)

k=—oc
X = (@(n)
sin (2*pi*n/7) .* ((n>=0) & (n<7) ) .* (mod (n, 1)==0) ;
n = -2:8;
subplot (311); stem(n,x(n)); xlabel('n'");
ylabel ("x[n]"); (c)
xup = @(n) x(n/4); n2 = (n(l)*4:n(end)*4);
subplot (312); stem(n2,xup(n2)); xlabel('n');

ylabel ('x {\uparrow}[n]');
hi = [1 2 3 4 3 2 11/4;

n3 = (-3+n2 (1)
subplot (313) ;

xlabel('n

:3+n2 (end) ) ;
stem (n3, conv (xup (n2)

"); ylabel('x i[n]");

yhi));

(d)




Fractional Sampling Rate Conversion

x[n] Ty [n]
F. 77 i LF
M s

x[n| Hiif L>M xr[n]
F LF, Hyif L< M LF ﬁf“s

* An interpolator/decimator cascade used for fractional sampling rate changes.

* Upsampling by L followed by downsampling by M changes the overall sampling rate by a
fractional amount L/M.

* The two lowpass filters H. and H;, being in cascade, can be replaced by a single lowpass
filter of cutoff frequency n/L or ©/M, whichever 1s lower.

* Preferable to do upsampling prior to downsampling to avoid loss of information.

Example: Suppose that the bandwidth of x[#] 1s n/3, and we wish to change the sampling rate
by factor 3/5.



6.7
Generalization of the DTFT
to the z-Transform



Generalization of the DTFT to the z-Transform

1) DTFT synthesize an arbitrary signal x[#] using sinusoids or complex exponentials of the
form ‘. DTFT exist only for absolutely summable signals.

2) In System analysis, DTFT is incapable of handling exponentially growing (or decaying)

signals.

3) z-transform avoid the limitation of the DTFT by generalizing the complex frequency by
replacing jQ by ¢ + jQ, where € 1s the oscillation rate and c 1s the decay (or grow) rate.

]

X[ Q)= > zn]

260

Z x[n]

n=—0c

26

n=—0o0

e—jﬂn
jQ 2 ot jQ

(o +i)n

%Z eotJ

,— T

X(2) = Z x|n] 2

z-transform

1 [" -
Im{z} il‘[?l] — o / X(jﬂ) E‘jﬂn df
2m ).

path of
integration

-
.

.

Re{z}
| x(n] =

X(2)z2"tdz
2ﬂjj€ (2)

Inverse z-transform
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